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We predict the complex polarizability of a realistic model of a red blood cell �RBC�, with an inhomogeneous
dispersive and anisotropic membrane. In this model, the frequency-dependent complex electrical parameters of
the individual cell layers are described by the Debye equation while the dielectric anisotropy of the cell
membrane is taken into account by the different permittivities along directions normal and tangential to the
membrane surface. The realistic shape of the RBC is described in terms of the Jacobi elliptic functions. To
calculate the polarizability, we evoke the effective dipole moment method to determine the cell internal electric
field distribution, employing an adaptive finite-element numerical approach. We have furthermore investigated
the influence of the anisotropic membrane and dispersive electrical parameters of each individual cell layer on
the total complex polarizability. Our findings suggest that the individual layer contribution depends on two
factors: the volume of the layer and the associated induced electric field, which in turn is influenced by other
layers of the cell. These results further show that the average polarizability spectra of the cell are significantly
impacted by the anisotropy and associated dispersion of the cellular compartments.
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I. INTRODUCTION

In previous work �1�, we presented a method for calculat-
ing the polarizability tensor � of a shelled piecewise homo-
geneous particle of arbitrary shape when immersed in lossy
media. The focus of this investigation was to study the im-
pact of shape on the polarizability. In the present Brief Re-
port, we determine the polarizability of a realistic anisotropic
shelled red blood cell �RBC� model with both a dispersive
membrane and cytoplasm. We assume that the anisotropic
membrane dielectric function is different along the directions
normal and tangential to the membrane surface and analyze
the contributions of each anisotropic and dispersive layer to
the total complex polarizability of the cell. Therefore, in this
work, the term “realistic” applies both to the geometry and
electrical composition of the cell. The principal thrust in cal-
culating � in terms of electric and geometric parameters of
the RBC is to provide more quantitative information of the
cell morphology �2� and interaction of the cellular matter
with em fields.

Although there is a general formula for determining the
polarizability of a homogeneous particle of arbitrary shape
�3�, however similar generalization suitable for more realistic
models of particles with complex geometries and several lay-
ers of different lossy dielectric media is rather difficult to
implement. Thus to determine the polarizability of a RBC
subjected to a periodic electric field, this requires the calcu-
lation of the internal electric field distribution, for which we
resort to an adaptive finite-element �FE� numerical method.
To analyze all possible relaxation phenomena, we consider
the effect of an externally applied ac electric field, covering a
broad frequency range extending from 10 kHz to 3 GHz.

In order to facilitate ready comprehension of this work, in
Sec. II we recapitulate the expression of the polarizability,
originally derived in Ref. �1� and the set of parametric equa-
tions used to generate the realistic shape of all layers of the

RBC. We furthermore introduce the Debye dispersion equa-
tions to describe the permittivity and conductivity of the dif-
ferent layers of the cell as well as the anisotropic conductiv-
ity of the membrane as a function of the polarization of the
applied electric field. In Sec. III, we present the results ob-
tained for the complex polarizability along the principal axes
of the RBC and analyze the contribution of each compart-
ment to its total polarizability. We conclude our Brief Report
�in Sec. IV� with a discussion and summary of our findings.

II. POLARIZABILITY AND ANISOTROPIC RBC
MODEL

We can calculate the polarizability of a RBC, which is
immersed in a lossy surrounding medium, by considering the
mechanical response of the cell to an external EF. To a first
approximation, this force on the dielectric particle or cell can
be calculated as that produced by the field acting on an in-
duced dipole. In this case, an effective dipole moment of the
particle has to be determined in order to properly take into
account the reaction effect of the external medium and the
complex character of the permittivity of both the particle and
surrounding medium. By using this approach we circumvent
the cumbersome process of the integration of the Maxwell
stress tensor over the particle or cell surface. The authors
have shown �1� that the effective polarizability tensor of a
particle comprised of N layers that is immersed into a field
region Ẽ0 established in a homogeneous isotropic and linear
medium 1, characterized by a complex permittivity �̃1=�1
− i�1 /� can be calculated from

�̃ef fẼ0 =
Re��̃1�

�̃1
�
i=1

N �
Vi

��̃i − �̃1�ẼidVi�, �1�

where �̃i, Ẽi, and Vi� are the complex permittivity, the internal
electric field distribution, and the volume, respectively, of the
layer i.
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Note that the two multiplicative factors �0��̃i− �̃1� / �̃1 and
Re��̃1� /�0 are included in the definition of p̃ef f. The first one
comes from the fact that the situation of a dielectric particle
in the external field is analogous to that of a body immersed
in a fluid under a gravitational field. Thus when calculating
the net force, we must similarly subtract a buoyancy term.
The second factor Re��̃1� /�0 arises from considering that the
equivalent charges and dipole are situated in vacuum so that
the external field has to be multiplied by the relative induc-
tive factor of vacuum and medium. Also, it is worth noting
that the integration is performed only over the volume V of
the particle.

Therefore, the three components of the effective polariz-
ability tensor for an anisotropic particle with arbitrary shape

can be obtained as follows: we apply the external field Ẽ0,

calculate numerically the field Ẽi in every compartment of
the cell as described in Sec. III, and perform the integrations
in Eq. �1�. With three orientations of the external field, with
respect to the particle, we can determine the full tensor.

To model the geometry and different layers of the RBC
we have used the set of parametric equations, in terms of the
Jacobi elliptic functions, described in Refs. �1,4�. The sche-
matic and three-dimensional �3D� model representations of
the RBC and the numerical values �5� that we have used are
shown in Fig. 1.

In this contributing work we have used a RBC structure
formed by cytoplasm and a single layer membrane that is
suspended in an electrolyte and exposed to an impinging
external field of amplitude E0=1 V /m of variable fre-
quency, covering a range from 10 kHz to 3 GHz. We have
furthermore focused on the contributing role played by the
anisotropy and dispersion of the membrane in the electrical
response of RCBs. This interest is based on two important
considerations; the first one is that the membrane is a locus
of electric field amplification. The amplification factor in the
electric field from the external medium to the membrane is a
function of the membrane permittivity, and this factor may
vary anywhere from 5 to 30 �6�. The second consideration is
that we have to take into account the presence of tangential

conductance along the cell membrane, which originates from
the presence of excess positive ions in the diffused electric
double layer induced by the negatively charged groups of
glycolipids located on the cell membrane surface �7,8�.
Therefore, we have considered that the permittivity and con-
ductivity of the membrane are characterized by the disper-
sion equations when the field �E� �� is parallel to the x or y
axis, whereas they have constant values when the external
electric field �E� �� is parallel to the z axis of the cell �9–11�.
Since there is little evidence of anisotropies in the dielectric
properties of the external medium and cytoplasm, we have
assumed that they show an isotropic behavior and that the
permittivity and conductivity of these regions follow the
same dispersion equations, which are discussed below for
both polarizations of the external field �12�.

In the case of a polar liquid, with a single relaxation time
constant, the frequency-dependent permittivity and conduc-
tivity can be expressed by the classical Debye equation �13�

�r = �r� +
��r

1 + �2�2 , �2�

� = �s +
��r�0�2�

1 + �2�2 , �3�

where � is the characteristic relaxation time, �s is the “static”
conductivity, �rs and �r� are the values of permittivity at
frequencies much smaller than 1 /� �static� and much higher
than 1 /� �high frequency�, respectively, and ��r=�rs−�r� is
the relative dielectric decrement.

Table I shows the values of the parameters that we use in
Eqs. �2� and �3� for each cellular compartment obtained from
literature �14–18�. For the case of an isotropic membrane, we
use the values corresponding to normal polarization.

III. ANALYSIS OF THE RBC POLARIZABILITY

To determine the internal electric field distributions within
the different layers of the RBC, we have used the adaptive
FE mesh software ANSOFT �19�. The cell is centered in a
cube �radiation region� filled with an external medium char-
acterized by the electrical parameters shown in Table I. We
have considered two polarizations for the external field of
magnitude E0=1 V /m applied over the two opposite faces
of the cube: the “normal orientation ���=�z�” where the
electric vector E� � is aligned with the minor axis z of the
RBC, and the “parallel orientation ��� =�y =�x�” with the
electric vector E� � is aligned with a major axis �x or y� of the
cell �cf. Fig. 1�. We have also implemented several technical
improvements to ensure the generation of a clean mesh and
to reduce error and computation time �1�.

Figure 2 shows the results for the real and imaginary parts
of the complex polarizability of the RBC model with an
anisotropic membrane. For comparison purposes, we have
also included the results for the cell model with the same
structure but with an isotropic membrane �cf. note in Table
I�. We see in Fig. 2�a� that when the external field is applied
parallel to the principal z axis both models predict the same
polarizability response as expected. The value of the normal
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FIG. 1. �Color online� Two-dimensional �2D� and 3D geometri-
cal models of the RCB. Cell dimensions: L=7.8 	m, h0=0.5 	m,
hmax=1.09 	m, 
memb=8 nm, and total cell volume V
=86.13 	m3. The cell is suspended in an external medium and E� �

and E� � are the normal and parallel polarizations, respectively, of the
external EF.
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membrane conductivity is very small over the entire fre-
quency range and practically imposes no attenuation on the
normal component of the induced electric field. However,
when the external field is applied along the principal y axis,
the real and imaginary parts of the anisotropic polarizability
reach significant higher values than for the isotropic case.
Also, both curves are shifted toward lower frequencies, with
the real part exhibiting a plateau region and the imaginary
part a wide transition region between maximum positive and
minimum negative values.

We may explain the observed changes in the polarizability
curves by analyzing the contribution of each layer of the cell
to the total polarizability. To this end, we should remark that
the expression for the polarizability that we derived in Sec. II
has the form of a weighted average with weights determined
by the differences in permittivities between the layers and
the external medium and that the induced field distribution
within a particular layer is controlled by all layers of the cell.

Figure 3 shows the contributions of the membrane and
cytoplasm to the right-hand side of Eq. �1� for both polariza-
tions of the external field. When the external field is applied
along the z axis, Fig. 3�a� shows that at low frequencies, the
most significant contribution to the real part of the polariz-
ability comes from the membrane, whereas at high frequen-
cies it comes from the cytoplasm. However, the contributions
to the imaginary part from the membrane and cytoplasm are
very similar in the full frequency range. Figure 3�b� shows
very different results when the external field is applied along
the y axis. For this orientation of the field, the spectrum of

the real part of the polarizability is mainly governed by the
cytoplasm. The contribution of the membrane at intermediate
and high frequencies is very small due to its high conductiv-
ity value and smaller volume. It is important to note, that
although the induced electric field within the cytoplasm has a
low value for both polarizations �16�, the cytoplasm has a
much larger volume than the membrane and therefore leads
to a significant contribution to the right-hand side of Eq. �1�.

IV. CONCLUSIONS

The principle focus in this Brief Report has been the cal-
culation of the complex polarizability of a realistic RBC,
with an inhomogeneous dispersive and anisotropic cell struc-
ture. To calculate the polarizability, we have used the in-
duced effective dipole moment approach, which was origi-
nally derived by the authors in a previous work for single
shelled cells. This approach leads to an expression of the
polarizability in terms of the induced electric field distribu-
tion, the volume, and the complex permittivities of the cell
constituents and has the form of a weighted average with
weights determined by the differences in permittivities be-
tween the shells and the external medium. The induced elec-
tric field within the different layers is determined by a finite-
element numerical technique using adaptive meshing and
some additional technical improvements.

We have used dispersion equations for the conductivity
and permittivity for all layers based on previous electrical
properties of the cell compartments accepted in the literature.

TABLE I. Electrical and geometrical parameters of the RBC model.

Medium �rs �r�

�s

�S m−1�
�

�s�
Vol

�	m3�

Cytoplasm 50 1.8 0.53 8.8�10−12 85.02

Cytoplasmic BW 7.51 6.85 2.626 4.6�10−10 0.05

Membrane normala 5 5 1�10−6 1.01

Membrane tangential 151.3 5 1�10−6 3.1�10−9

Extra-cellular BW 11.916 11.256 0.02626 4.6�10−10 0.05

External medium 80 1.8 0.12 8.8�10−12

aValues used for the isotropic case.

(b)(a)

FIG. 2. �Color online� Comparison between the calculated complex polarizability components of an RBC with isotropic membrane �lines�
and with anisotropic membrane �markers� as a function of frequency f , �a� ��, and �b� ��. The solid line and squares mark the real part of
the polarizability, while the dashed line and triangles represent the imaginary part.
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The dielectric anisotropy in the membrane has been consid-
ered in terms of different conductivities along the minor and
major axes of the cell. Depending on the orientation of the
applied field, we have observed that the dielectrically aniso-
tropic membrane leads to results for the real and imaginary
parts of the polarizability that are substantially different from
the values we obtained with the isotropic membrane. To get a
better understanding of these differences, we analyzed the
contribution of each layer to the total complex polarizability
by taking advantage of the fact that integrations in the ex-
pression of the polarizability are performed over the volume
of each layer. We put a strong emphasis on the fact that the
induced field distribution within a particular layer is con-
trolled by all layers of the cell. Therefore, a given layer that
provides a small contribution to the total polarizability can
play however a fundamental role in the field within another

layer that has a much higher contribution. This explains the
characteristic curve for the complex polarizability along the
major axis of the RBC.

Although we have focused our interest in RBCs, the ap-
proach used in this work can be readily applied to study
electromechanical effects in different types of particles with
arbitrary shape and structure. This approach will provide a
good electrical characterization of the particle as long as the
particle is realistically represented. The calculation time will
depend on the complexity of the geometry and the inner
structure of the particle.
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FIG. 3. �Color online� Contributions of the membrane and cytoplasm to the total complex polarizability of the RBC as a function of
frequency f , �a� ��, and �b� ��. The solid and dashed interpolated lines mark the real and imaginary parts, respectively, of the membrane
polarizability, while dotted and dash-dotted interpolated lines represent the real and imaginary parts, respectively, of the cytoplasm
polarizability.
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